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Skinning is an essential technology in geometric modeling. Unlike non-uniform ratio-
nal B-spline (NURBS) skinning, T-spline skinning does not require knot compatibility
of the given cross-sections, and avoids superfluous of control points. In this study, we
present a curve guided T-spline (CGTS) skinning method for surface and solid gener-
ation of high quality, which interpolates the given cross-sections. Guiding curves and
least squares progressive and iterative approximation (LSPIA) method are involved in
the CGTS skinning. Specifically, the guiding curves provide a visually pleasing shape
for the skinned surface and solid, and the LSPIA method simplifies the iterative pro-
cedure, ensures the fitting accuracy, and shape preservation. On one hand, the CGT-
S surface skinning generates a visually pleasing and fairing skinned T-spline surface,
which avoids the wiggle and crease problems. On the other hand, the CGTS solid
skinning with optimization generates a trivariate T-spline solid with high quality. To
meet the requirement of iso-geometric analysis (IGA) for the skinned T-spline solid,
an optimization approach is employed in the solid skinning to improve the quality of
the skinned T-spline solid. Finally, the experimental examples presented in this paper
demonstrate the effectiveness and efficiency of the CGTS skinning method.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

skinned NURBS surfaces [3]] from a set of cross-sections. Usu-
ally, the cross-sections represented by NURBS have different

Surface skinning, also known as lofting, is a process of con-
structing a surface from a set of cross-sections [[1], which has
been widely used in shipbuilding, automobile, and aviation in-
dustry [2]. The lofting can be traced back to the period of
manual design. In the early works of hull design, designers
usually took sample points on each cross-section of the hull,
and subsequently, either interpolated or approximated the sam-
ple points by non-uniform rational B-spline (NURBS) curves,
called cross-sections. Therefore, a surface is constructed by
skinning the cross-sections.

As NURBS surface is becoming an industry standard for rep-
resenting freeform shapes, it is a common process to generate

*Corresponding author.
e-mail: hwlin@zju.edu.cn (Hongwei Lin)

degrees and independent knot vectors. To solve the incompat-
ibility, degree elevation and knot insertion are employed [4],
resulting in the explosion of knots and control points.

Sederberg et al. [S] presented T-spline as a generalization of
NURBS, giving more flexibility in representing complex sur-
face shapes with fewer control points than NURBS surfaces.
Therefore, some T-spline surface skinning methods are devel-
oped to overcome the knot compatibility problem. However,
wiggles will appear on the skinned surface if common knots
between the adjacent curves are too few [[6], and creases are un-
avoidably generated by the improved T-spline surface skinning
method [7]].

In this study, a curve guided T-spline (CGTS) skinning
method for surface and solid generation of high quality is pre-
sented, thus overcoming the knot compatibility problem and in-
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terpolating all the given cross-sections. The CGTS surface skin-
ning method is implemented by the following operations. First,
an initial T-mesh is constructed by inserting intermediate cross-
sections to the given cross-sections. In order to determine the
best positions for the control points of the intermediate cross-
sections, guiding curves are introduced to provide a fair shape
of the given cross-sections along the longitudinal direction.
Subsequently, some data points are sampled uniformly on the
guiding curves, which are fitted with the skinned T-spline sur-
face by several rounds of least squares progressive and iterative
approximation (LSPIA) [8] 9]. Meanwhile, the control points
of the T-spline surface are updated after each rounds of LSPIA,
according to the interpolated conditions, which guarantees that
the skinned surface interpolates the given cross-sections. Final-
ly, a visually pleasing and fairing skinned T-spline surface is
generated, avoiding the wiggle and crease problems. The CGT-
S solid skinning method is implemented similarly by interpo-
lating the given cross-sectional T-spline surfaces. Furthermore,
we adopt an optimization approach to improve the quality of the
skinned T-spline solid. To summarize, the main contributions of
this study are as follows:

e Guiding curves are applied for providing a visually pleas-
ing shape for the skinned surface and solid.

o LSPIA method ensures the fitting accuracy and the stabil-
ity of iterations.

e CGTS skinning method interpolating the given cross-
sections for high quality surface and solid generation is
proposed.

The remainder of this paper is organized as follows. In Sec-
tion we review related work on the surface skinning, sol-
id modeling and iterative fitting. In Section [2] preliminaries
on T-splines and T-spline surface skinning are introduced. The
CGTS surface skinning method with high fairness is presented
in Section |3} The CGTS solid skinning method with optimiza-
tion is described in Section[d] In Section[5] some experimental
examples are illustrated to demonstrate the effectiveness and
efficiency of the CGTS skinning method. Finally, Section [6]
concludes the paper.

1.1. Related work

Surface skinning: In general, surface skinning method-
s are mainly classified into two categories, namely approx-
imation methods [4} [10, [L1, [12] and interpolation methods
[IL, 3L 16} [7) [13]]. The approximation methods can approximate
the skinned surface within given error bounds. The given curves
can be rebuilt within the error bounds, and the explosion of the
control points can be removed. The interpolation methods usu-
ally are applied when generating an interpolatory skinned sur-
face.

As a generalization of NURBS surfaces, a T-spline sur-
face permits T-junctions in its T-mesh, which enables local
refinement[5]. Numerous T-spline surface skinning method-
s were proposed to overcome the knot compatibility problem
[12, 6L 14} [7]. Yang and Zheng [12] presented an approximate
T-spline skinning method, which fitting the input rows of data

points within a prescribed tolerance. An interpolation T-spline
skinning method was developed by Nasri et al. [6] by inserting
an intermediate cross-section between the given cross-sections.
However, the wiggle problem will appear if common knots be-
tween the adjacent curves are too few. The surface skinning
method was extended to periodic T-spline in semi-NURBS for-
m by Li et al. [14], who addressed the wiggle problem and
reduced the wiggle effect using 4-point interpolatory subdivi-
sion scheme [15]] to derive the intermediate cross-sections. O-
h et al. [7]] provided a fundamental solution to avoid wiggles
by adding two intermediate cross-sections, while major crease
problem occurs on the skinned surface. Engleitner and Jiittler
[13] applied the framework of patchwork B-splines to the con-
struction of interpolated skinned surfaces, which not only re-
duces the resulting data volume but also limits the propagation
of derivative discontinuities.

Solid modeling: NURBS and T-spline solid modeling meth-
ods are developed mainly for producing the three-dimensional
physical domain in iso-geometric analysis (IGA) [[16]. Specif-
ically, Zhang et al. [17] introduced a skeleton-based method
of generating NURBS solids through analyzing arterial blood
flow in IGA. A cylinder-like trivariate B-spline solid was gen-
erated through harmonic-function-based volumetric parameter-
ization [18]]. Aigner et al. [19] presented a variational frame-
work for generating NURBS solid by parameterizing a swept
volume based on the given boundary conditions and guiding
curves. Optimization approaches have been developed for fill-
ing boundary-represented models to produce trivariate B-spline
solids with positive Jacobian value [20, 21]]. Moreover, Lin et
al. [22]] presented a discrete volume parameterization method
for tetrahedral mesh models and an iterative fitting algorith-
m for trivariate B-spline solids generation. The method was
improved [23} 24] by applying pillow operation and geomet-
ric optimization to guarantee the generated B-spline solids with
positive Jacobian value.

Due to the flexibility of T-splines in representing complex
shapes with fewer control points than NURBS, T-spline sol-
id modeling methods have been intensively studied. Escobar
et al. [25] constructed T-spline solids using fitting triangular
mesh models with zero-genus. Moreover, a mapping-based
rational T-spline solid construction method was presented for
zero-genus topology as well [26]. Wang et al. [27] proposed a
method of constructing T-spline solids using boundary triangu-
lations with an arbitrary genus topology by polycube mapping.

Iterative fitting: The progressive-iterative approximation
(PIA) was first proposed in Refs. [28] 29], which is an iterative
fitting method with explicit geometric meanings, advancing the
handling of the geometric problems in the field of geometric de-
sign. In Ref. [30], the PIA method was proved to be convergent
for NURBS. A local format of the PIA method was developed
in [31]. Subsequently, the PIA format was extended to subdi-
vision surface fitting [32]]. To avoid the limitation of the PIA
method that the number of the control points must be equal to
that of the data points, some extended iterative fitting formats
were developed to approximate the given data points, namely,
extended PIA (EPIA) [33]] and LSPIA [8 9].
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2. Preliminaries

Preliminaries on T-spline, LSPIA with T-splines and T-spline
surface skinning are introduced in this section.

2.1. T-splines

For a T-spline surface, each control point P;,i = 0,1,--- ,m,
corresponds to a basis function:

wiR;(u,v)

B‘ 5 = <snm 5w
) = S R )

i=0,1,---,m. (1)

In Eq.(I), w; are nonnegative weights, which are set to 1 in the
study according to the previous work [6, 7], and R;(u, v) are the
blending functions,

Ri(u,v) = Nlu, ujr, i, w3, uigJ()M[vio, vi1, viz, viz, via] (v),
2
where N{ujo, u;1, up2, i3, uia](w) and M(vio, vi1, via, viz, via](v) are
cubic B-spline basis function defined on the u-directional and v-
directional knot vectors, respectively,

u; = [wo, wir, upn, iz, wial, vi = [Vio, vit, viz, viz, vial.  (3)

The local knot vectors u; and v; (Eq.@)) can be determined
by surrounding knots with the ray-method in the T-mesh [34].
Therefore, after obtaining the basis functions B;(u,v), i =
0,1,---,m, corresponding to the control points P;, the T-spline
surface S (u, v) can be generated.

S(,v) = " PiBi(u,v), i=0,1,-- ,m. )
i=0

Additionally, a T-spline solid can be represented by

V(u,V,W)ZZP[Bi(u,V,W), 1203 13"' ,m, (5)
i=0

where B;(u, v, w) are the basis functions, which can be defined
similarly using the above formulas.

2.2. LSPIA with T-splines

The LSPIA is performed for fitting a given set of data points
by a T-spline surface or solid. In each iterative step, difference
vectors related to the data points are calculated, and then ad-
Jjusting vector for each control point is calculated, which is a
weighted sum of the difference vectors. At last, the new T-
spline surface or solid is obtained by adding the adjusting vec-
tors to the control points. The iterations are terminated when
either the fitting accuracy meets a preset accuracy or the num-
ber of iterations exceeds a preset iteration time.

Take a T-spline surface fitting by the LSPIA as an example.
We start with an initial T-spline surface and suppose that the
iteration has been performed for k steps, and the k-th T-spline
surface S ®(u, v) is generated,

m
SO, v) = > PYBiu,v).
i=0

One iteration step for producing S **V(u,v) from S ®(u, v) in-
cludes the following operations.
First, the difference vector for each data point is calculated,

8 = 01 = S P, w),

where Q;, I = 0,1, .-, L with parameters (u;, v;) are the data
points. Each vector 65") is distributed to the control points ng),
forming the adjusting vector for each control point,

A _ Yiet, Bilus, v1))”
' Dter; Bilug, vy)

where L; is the index set of [ such that B;(u;,v;) # 0. Next,
the control point ng”) for the (k + 1)-th surface is obtained by

adding the vector Agk) to the control point ng),

P = p 4 AR,

Thus, the (k + 1)-th T-spline surface is generated.

These iterations are terminated when either the fitting accura-
cy meets a preset accuracy or the number of iterations exceeds
a preset iteration time. The convergence of the LSPIA method
has been proven in [§]]

2.3. T-spline surface skinning

The T-spline surface skinning method interpolating the giv-
en cross-sections was first proposed by Nasri et al. [6]], ab-
breviated as Nasri’s skinning method. Subsequently, Oh et al.
[7] enhanced the skinning method to avoid wiggle problem by
adding one more intermediate cross-section between the given
cross-sections, abbreviated as Oh’s skinning method. The two
algorithms are implemented by the construction of T-mesh and
calculation of control points.

Construction of T-mesh: Given a set of ordered cross-
sections represented by B-splines with independent knot vec-
tors. The given curves are represented as:

Cluy = Y VINiw), i=0,-+ ., ©6)
JELi ‘
where [;, i = 0,---,n are the index sets of the control points

of the given curves, V’] are the control points and N’] are the
corresponding B-spline basis functions. The parameters of the
given curves in v-direction can be determined by the chord
length parameterization [3]. Moreover, to interpolate the given
cross-sections, one or two intermediate cross-sections are added
between the given cross-sections. For the case that adding
one intermediate cross-section, the knots of the added cross-
sections are the common knots of two adjacent given cross-
sections (Fig. [I(a)). For the other case, the knots of the added
cross-sections are consistent with the knots of the nearest given
cross-section (Fig. . Following this, a control mesh is con-
structed for the given cross-sections and the added intermediate
cross-sections. Therefore, if two adjacent cross-sections have a
common knot, the longitudinal edge is connected. After all lon-
gitudinal edges are connected, the initial T-mesh is constructed
completely, as shown in Fig. |1} In this study, the initial T-mesh
of the CGTS skinning method is constructed in the same way.
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Fig. 1. Cross-sections to be skinned for pre-image of T-mesh, where
the black lines are the given cross-sections to be interpolated, the
green lines are the added intermediate cross-sections, and the or-
ange lines are the longitudinal edges. (a) One intermediate cross-
section between the given cross-sections. (b) Two intermediate
cross-sections between the given cross-sections.

Calculation of control points: Suppose that S (u,v) is the
skinned T-spline surface. The control points in the T-mesh are
calculated for interpolating the given cross-sections by the fol-
lowing interpolation conditions,

Ci(u) = S(u,v'), i=0,1,--- ,n, @)

where V' is the v-directional parameter of the i-th given curve.
As the interpolation of the curve is affected by two adjacent
curves, Eq. can be rewritten as:

Z VIN(u) = Z WEPNEP )M () + Z WiN ) M)

JEl; JEliup JEI;
i_down pri_down i-down i
+ Z Widown fdown () ppiedown oy,
J€li_down

®)

where W;’”p , W;, and W’;.AOW” are the control points of C'7, C',
and C-4""  respectively, which composite the control points of
the T-spline surface. It is noteworthy that the two first and last
given curves are interpolated with multiple knots. For the con-
trol points of C*7, C', or C*4>"", the v-directional knot vectors
are the same. Therefore, M}’”p o, Mj.(vi), and M;JOW"(Vi) can
be replaced by three constants, @', &', and ¢/, respectively.

For adding one intermediate cross-section between the given
cross-sections, knot intersection to the curves C*-*” and C’-4o""

can ensure that the basis functions Nj.”p () and N;J‘!”w”(u) co-
incide with N’ ;'.(u). Therefore, we can obtain a system of equa-

tions,

Vi=d W+ bW+ W, e, i=1,-

j "n_]7 (9)

where W;’”p and W;J‘!"‘”’" are control points calculated from

knot insertion to the added intermediate cross-sections C**” and
C'Hown_respectively.

For adding two intermediate cross-sections between the giv-
en cross-sections, the u-directional knot vectors of'C"*”p and
Ci-own are the same as C' and the basis functions N}’“” (1) and

Nj.f’”W”(u) coincide with N ;(u). Thus, we have,

Vi=d W+ W+ W, e, i=1,-,n=1. (10)
Consequently, replacing V' by W', the skinned T-spline sur-
face that interpolates the given cross-sections is generated.
However, in case of Nasri’s skinning method, which adds one
intermediate cross-section between the given cross-sections,
wiggles will appear on the skinned T-spline surface if the giv-
en cross-sections are not sufficiently compatible, as shown
in Fig. In order to reduce the wiggles in the skinned
surface, Oh’s skinning method, which adds two intermediate
cross-sections, was proposed. However, the intermediate cross-
sections are added by linear interpolation, causing major crease
problems on the skinned surface, as shown in Fig. 2(f)]

3. CGTS surface skinning with high fairness

Unlike the approximate T-spline skinning method proposed
by Yang and Zheng [[12], the given cross-sections can be inter-
polated by the proposed CGTS skinning method in this study.
The whole algorithm for the CGTS surface skinning method is
illustrated in Algorithm [I} Specifically, given a set of ordered
cross-sections as input, a series of iso-parametric points are
sampled on the given cross-sections. By linearly interpolating
the iso-parametric points along the longitudinal direction, some
linear interpolated points on the intermediate cross-sections are
generated. The intermediate cross-sections are initialized by
fitting the interpolated points. Meanwhile, the iso-parametric
points are also used to produce several guiding curves, which
can not only result in avoiding the wiggles and creases, but al-
so provide a visually pleasing shape of the skinned surface. As
illustrated in Fig. 3} the intermediate cross-sections and guid-
ing curves are constructed. Then we sample some points on the
guiding curves as data points to fit with the skinned T-spline sur-
face. The LSPIA method is invoked in the data fitting, and the
control points W; are updated by the interpolation equations (@
or (10), after LSPIA. Therefore, a visually pleasing skinned T-
spline surface without wiggles and creases is generated.

In this study, two approaches to implement the CGTS surface
skinning method are provided, including adding one or two in-
termediate cross-sections between the given cross-sections, ab-
breviated as CGTS with one mid-section and CGTS with two
mid-sections. The details of the CGTS surface skinning method
are elucidated in the following sections.
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(b)

() (e)

®

Fig. 2. Wiggles and creases appear on the skinned T-spline surfaces (Torus), where the color represents the distribution of the mean
curvature. (a) Pre-image of the interpolated control mesh. (b) Pre-image of the T-mesh generated using Nasri’s skinning method. (c) Pre-
image of the T-mesh generated using Oh’s skinning method. (d) The given cross-sections. (e) The skinned T-spline surface with wiggles
generated using Nasri’s skinning method. (f) The skinned T-spline surface with creases generated using Oh’s skinning method.

O—0: Given cross-section
: Added intermediate cross-section
@ - - —@: Control polygon of given cross-section
® - - -®: Control polygon of added cross-section
O—0O: Guiding curve

@ : Control point of given cross-section

® : Control point of added cross-section

O : Iso-parametric point

: Linear interpolated point

(b)

Fig. 3. Construction of the intermediate cross-sections and guiding curves from the iso-parametric points. (a) One added intermediate

cross-section. (b) Two added intermediate cross-sections.

3.1. Guiding curve

The guiding curve is an important factor affecting the shape
of the skinned surface. In order to ensure that the skinned
T-spline surface is generated with high fairness, we sample a
series of iso-parametric points on the given cross-sections to
produce several interpolating B-spline curves, called guiding
curves.

Suppose that Q,i=0,1,---,n are a set of ordered iso-
parametric points along the longitudinal direction, a cubic B-
spline curve interpolating the data points can be uniquely de-
termined if the knots and two boundary conditions are given in
advance [33]]. An interpolating B-spline curve can be represent-
ed by the following formula,

n+2

COv) = ). PiNis(v),

i=0

Y

with knot vector v = {19,090, 00, v0, vl ... yrml oy iy oy

obtained from the T-mesh. In our implementation, the boundary
conditions are taken as that, the second-order derivatives of the
interpolating curve at two ends are both zero, i.e., P'(0°) = 0
and P’ (v") = 0. Then, the control points P; of the interpolating
B-spline curve can be calculated by the following equations,

n+2

Q' =C0/) = ) PN, j=01,--- n,
i=0

0 1 0

2 1 _ _
P_v+v 2vP_v VP (12)
0= B) 1 1 5) 0l2
ve=v Ve =V
p vnfl _ 21 — vnfl _ Vn72 p
n+2 — v — v”‘z n Vi — v”‘2 n+l-

By solving these linear equations, the interpolating B-spline
curve can be generated. Therefore, a set of guiding curves rep-
resented by the interpolating B-splines can be constructed.
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Algorithm 1 CGTS surface skinning method

Input: A set of cross-sections represented by B-splines and a prede-
fined fitting iteration time 7 and precision &.

Output: A fairing skinned T-spline surface without wiggles and creas-
es.

1. Sample iso-parametric points on the given cross-sections;

2. Insert the intermediate cross-sections;

3. Construct the initial T-mesh and the initial skinned T-spline sur-
face;

4. Produce the guiding curves by interpolating the iso-parametric
points;

5. Sample data points uniformly on the guiding curves;
6. 0,80, e 1;
7. while € > gy and @ < 7 do //a-th round of LSPIA
8. while & > &) and 8 < 7 do //B-th step of iteration in the a-th
round of LSPIA
9. Data fitting by the LSPIA method;
10. B—pB+1;
11. end while
12. Update the control points for interpolating the given curves;
13. a—a+1,8«0;

14. end while

3.2. Iterative fitting algorithm

The guiding curves provide a visually pleasing shape for the
skinned T-spline surface. As a result, only by fitting with the
guiding curves can the skinned T-spline surface achieve high
fairness. We employ the LSPIA method to fit the skinned T-
spline surface with the guiding curves, by fitting with the data
points sampled on the guiding curves. Meanwhile, the skinned
T-spline surface needs to interpolate the given cross-sections. In
this study, the iterative fitting is implemented by several rounds
of LSPIA, and after each rounds of LSPIA the control points
are updated for interpolation.

Denote that the T-spline surface generated by the S-th step of
iteration in the @-th round of LSPIA is S @ (4, v). Assume that
05, 1 =0,1,---,L with parameters (u;, v;) are the data points
sampled on the guiding curves. Start with an initial T-spline
surface S @9y, v), which can be constructed from the initial
T-mesh. Suppose that the iteration has been performed for 5
steps in @-th round of LSPIA, and the (a, §)-th skinned T-spline
surface S @ (u, v) is generated,

m
S@A(y,v) = Z PP Biu, v).
i=0

13)

And the (@, + 1)-th skinned T-spline surface S@#+D(u,v) is
produced by the following operations.
The difference vector for each data point is calculated,

50 = Q= 5, w). (14)

6;” B

Each difference vector distributes the weighted vector

Bi(u;, vz)égo’"g ) to the control point Pga’ﬁ ), whose corresponding

basis function is not equal to zero. Consequently, the adjusting

vector for each control point is generated,

A@H _ St Biur, v)s\"™” 15)
! Yier, Bitu,vi)

where L; is the index set of [ such that B;(u;, v;) # 0. Therefore,
the control points of the (a, + 1)-th skinned T-spline surface
can be formed,

PEa,,BH) _ PE(I,ﬁ) + AE(Y,B). (16)
The iterations in the a-th round of LSPIA are terminated

5 [ls@s D 2
'—|2 — 1| < g or the number of itera-

when either € =
z o

tions exceeds a predefined fitting iteration time, 7. After each
rounds of the LSPIA, the control points are updated by Eq. (9)
or Eq. (I0) for interpolating the given cross-sections. Now,
the (@ + 1,0)-th T-spline surface is obtained. Define the error
of the a-th round of data fitting as 3, ”6;“)“2 =3, ”(55‘”1‘0)”2.
The whole iterative fitting procedure is terminated when either
o[
2 ‘;YH)HZ
our implementation, we take gy = 10~* and 7 = 20.

The experimental results are showing that the iterative fitting
method in this study has the approximate convergence as the
LSPIA method. We have demonstrated the CGTS surface skin-
ning method to skin the same curves (Fig.[2(d)), and the average

2

1

< gp or the number of rounds exceeds 7. In

(s,1)
6!

2

fitting errors — 1 with respect to iteration counts are shown
in Fig. After each rounds of LSPIA, the control points are
updated for interpolation, and the curves of the iteration counts
versus average fitting error will appear a peak. However, as the
iteration goes on, the peak becomes smaller than before and the
average fitting error converges gradually.

Iteration counts versus average error
T T

0.01 T
—CGTS with one mid-section
CGTS with two mid-section:

0.008

Average error
o o
§ 8

(2]

0.002

0 40 80 120 160 200 240 280
Iteration counts

Fig. 4. Iteration counts versus average error. The red circles are the
average errors after updating the control points for interpolation.

The skinned surfaces generated by the CGTS surface skin-
ning method are shown in Fig.[5] Our developed surface skin-
ning method obviously improves the quality of the skinned T-
spline surface (Figs. and [5(d)), which removes the wig-
gles(Fig. and creases(Fig. 2(f)). Fig. 5(a)] presents the
guiding curves constructed by the given cross-sections with C?
continuity. Fig. shows the data points sampled on the guid-
ing curves, which keep the shape of the guiding curves. By
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fitting to the data points, the skinned T-spline surfaces are gen-
erated. Therefore, the quality of the skinned T-spline surface in
Fig. is better than that of the T-spline surface in Fig.
with fewer control points. Additionally, the skinned T-spline
surface in Fig. [5(d)] is fairest than the other skinned surfaces.
And statistical data are listed in Tables [[]and 2

(@ (b)

(c) (@

Fig. 5. Skinned surfaces generated by the CGTS skinning method
with mean curvature distribution (Zorus). (a) The given cross-
sections (curves in red) and the guiding curves (curves in blue).
(b) The data points sampled on the guiding curves. (¢) CGTS with
one mid-section. (d) CGTS with two mid-sections.

4. CGTS solid skinning with optimization

With the advent of iso-geometric analysis (IGA), which is
a numerical analysis method based on spline theory, creating
spline solids efficiently for IGA is becoming an urgent problem
in the field of solid modeling. In this study, the CGTS solid
skinning method is developed. Given a set of ordered cross-
sectional surfaces, and skinning them with T-splines, a trivariate
T-spline solid can be generated, which interpolates the given
T-spline surfaces. Furthermore, due to the fact the Jacobian
value of every point in the spline solid for simulation needs to be
greater than zero in IGA. an optimization approach is employed
to improve the quality of the skinned T-spline solid.

The whole algorithm for the CGTS solid skinning method is
illustrated in Algorithm 2] Specifically, given a set of ordered
cross-sectional T-spline surfaces, a series of iso-parametric
points are sampled on the given cross-sections. Similar to the
surface skinning, several intermediate cross-sections are gen-
erated and added into the given cross-sections. In this study,
two intermediate cross-sections are added between the given
cross-sections, so that the skinned T-spline solid can achieve
high quality. Then, the initial T-mesh and initial T-spline solid
are constructed. Meanwhile, by interpolating the iso-parametric
points, the guiding curves running through all the cross-sections
are produced. Then we sample some data points on the guid-
ing curves, and optimize them in order to generate the skinned
T-spline solid with high quality. More concretely, a stitched
B-spline solid is constructed by fitting the data points, and the
stitched B-spline solid is optimized. Finally, we resample the

B-spline solid at the same parameters of the data points to ob-
tain the optimized data points. Therefore, by fitting to the op-
timized data points and interpolating the given cross-sections,
the T-spline solid with high quality is generated.

Algorithm 2 CGTS solid skinning method

Input: A set of cross-sections represented by T-splines and a prede-
fined fitting iteration times 7 and precision &.

Output: A skinned T-spline solid with high quality.

1. Sample iso-parametric points on the given cross-sectional T-
spline surfaces;

2. Insert two intermediate cross-sections between the given cross-
sections;

3. Construct the initial T-mesh and the initial skinned T-spline solid;

4. Produce the guiding curves by interpolating the iso-parametric
points;

5. Sample data points uniformly on the guiding curves for con-
structing a stitched B-spline solid;

6. Optimize the stitched B-spline solid and resample data points
from the B-spline solid;

7. 0,80, e« 1;

8. while £ > g; and @ < 7 do //a-th round of LSPIA

9. while £ > &, and 8 < 7 do //8-th step of iteration in the a-th

round of LSPIA

10. Data fitting by the LSPIA method;

11. B—pB+1;

12. end while

13. Update the control points for interpolating the given sur-
faces;

14. ae—a+1,8«0;

15. end while

4.1. Solid skinning with two intermediate surfaces

Suppose that Siu,v), i = 0,1,---,n are the given cross-
sectional surfaces, S (u, v) and §*%""(y, v) are two interme-
diate cross-sectional surfaces adjacent to Si(u, v). The skinned
T-spline solid V(u, v, w) can be generated from the CGTS solid
skinning method, and the control points in the T-mesh can be
calculated by the following interpolation conditions,

Siu,v) = V(u,v,w'), i=0,1,--- ,n, (17)

where w' is the parameter of the i-th surface in the w-direction,
which can be calculated by the chord length parameterization.
Similar to the surface skinning method which adds two interme-
diate cross-sections between the given cross-sections, we can
also get a system equations,

V;=aiw;’""+biW§+c'iW§li”W”, jel,i=1,---,n—1, (18)

where Vi, j € I; are the control points in the T-mesh of the
i-th given cross-sectional T-spline surface, and ij"p s W;. and
W;ﬂow" are the control points of the cross-sections, which com-
posite the control points of the skinned T-spline solid. By re-
placing V; with W;, the given cross-sections are interpolated.
Analogously, the two first and last given T-spline surfaces are
interpolated with multiple knots.
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4.2. Optimization

To achieve the purpose that the skinned T-spline solid is gen-
erated with high quality, the data points are optimized by the
following operations. Several connected B-spline solids are
constructed between the given cross-sectional surfaces by fit-
ting to the data points. The adjacent B-spline solids are C°
continuous along the common boundary surface. After opti-
mizing each B-spline solid independently, a stitched B-spline
solid with high quality is constructed. Therefore, it is needed to
resample the data points on the stitched B-spline solid with the
same parameters, which are fitted with the T-spline solid.

The details of the optimization for a B-spline solid are illus-
trated as follows. First, a B-spline solid is represented as,

I J K
Hw,v,w) = 3" N> HiyuNip@Njy N w),  (19)
i j k
where H;y, i = 0,1,---,1,j=0,1,--- ,J,k=0,1,--- ,K are
control points, and N; ,(u), N;,(v) and Ny ,(w) are the B-spline
basis functions of degree p, g, r in the u, v, w-direction, respec-
tively. In this study, tri-cubic tensor product B-spline is adopt-
ed.
Denote the difference vectors as

v  Hijx—Hije o Hijox—Hiji
ik = ik = )

”Hi+1,j,k - Hi,_j,k“ ||Hi,j+1,k - Hi,j,k”
w _ Hije —Hiji

ik = ,
”Hi,j,k+1 - Hi,j,k“

Therefore, the Jacobian value of the B-spline solid is,

J(u,v,w) = H,(u,v,w) - (H,(u,v,w) X H,,(u, v, w))
= > S i, [Ty T, X T2 4] Br, @Bz, (1)Br, (w),
T, I, In
where Iu = (iua iva iw)’ Iv = (jm jv’ jw), IW = (ku, kv, kw) are

index sets, az,7,7, > 0, and,
Bz, (u) = Bl ()B! (u)B! (), B1,(v) = B ()BL ' ("B (v),
Br,(w) = By (w)By, (w)BkM (w).

T3, ks (TV] o XT} k) > 0 is ensured, the Jacobian values
of the B-spline solid are all positive [20].
Denote the unit vectors as,
T = M T = M ™ = M
”lekT”k ”Zl]lejk “Z’/kTUkH

In this study, the optimization is formulated as the minimiza-
tion of several energy functions employed in Ref. [23]].

ming, , E = (I=p=V)Epy+u(E,+E,+ E\)+V(E,, + E\W+E,\,),

(20
where u, v € [0, 1] are weights. The objective function is eluci-
dated in detail as follows,

1. Fitting precision to the data points.

N
Egi= ) I1H G, v, w) = Ol
=0

where Q;, [ =0,1,---
the guiding curves.

, N; are the data points sampled on

2. Validity improvement for the B-spline solid.

e Difference vectors in the same parameter direction
are as parallel to each other as possible.

_ —Z(l T!, - T").E, Z(l T, -
” i,j,k Voijk

=— 2(1 ), - T"),
W i,j.k

where N,,N,,N,, are the number of the vectors

u 3
Ty T”k, Tuk, respectively.

e Difference vectors in different parameter directions
are as perpendicular to each other as possible.

E. = (TM'TV)27 Euw = (TM'TW)Za E,y

As shown in Fig. [6] given a set of ordered cross-sectional
surfaces (Fig.[6(a)) as the input to the CGTS solid skinning al-
gorithm, a trivariate T-spline solid (Fig. [6(b)) is generated, and
the mesh generated from the knots is drawn on the solid. We
can see the interpolation of the given surfaces from a transpar-
ent solid in Fig. In the cut-away view (Fig. [6(d)) of the
iso-parametric mesh, the interior of the T-spline solid can be

seen clearly. The statistical data are listed in Table[3]

5. Implementation, results and discussions

The CGTS skinning method is implemented using the C++
programming language and tested on a PC with a 3.60 GHz i7-
4790 CPU and 16 GB RAM. In this section, some examples are
presented, and implementation details are discussed.

5.1. Surface skinning

The CGTS surface skinning method in this study is compared
with two previous T-spline surface skinning methods, present-
ed in Refs. [6, [7], both of which interpolate the given cross-
sections. In this section, some skinned surface results are p-
resented (Figs. [5]and [7H9) to demonstrate the effectiveness and
efficiency of CGTS surface skinning method. Moreover, statis-
tical data are listed in the Table |1} including the number of the
given cross-sections, added intermediate cross-sections, guid-
ing curves, data points, and control points.

Due to the incompatible knots of the adjacent given cross-
sections, there are some wiggles on the T-spline surfaces
(Figs. [7(b)] [8(b)] and P(b)) skinned by Nasri’s skinning
method. To remove the wiggles, Oh’s skinning method adds
one more intermediate cross-section between the given cross-
sections. However, some creases inevitably appear on the
skinned T-spline surfaces (Figs. 2(F)] and[9(c)), which
cause the unfairness of the skinned surface.

Moreover, Nasri’s and Oh’s skinning methods do not pay at-
tention to the fairness of the skinned surface. And the CGTS
surface skinning method preserves the shape controlled by the
guiding curves with C? continuity. As a result, the shape con-
trolled by the guiding curves is smoother than that of the oth-
er two methods, and the skinned T-spline surface achieve high
fairness.

— (TV.TW)Z.
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(a) (b)

(©)

Fig. 6. CGTS solid skinning (S shape). (a) The given cross-sectional T-spline surfaces. (b) The skinned T-spline solid with the mesh
generated from the knots. (c¢) Transparent skinned solid with the given surfaces. (d) Cut-away view of the skinned solid.

By introducing the guiding curves and the LSPIA method
into the skinning, the quality of the skinned surfaces
(Figs. [7(d) [8(d) and P(d)) generated by the CGTS with
one section is better than that by Oh’s skinning method. In ad-
dition, the number of the control points of the surface generated
by the CGTS with one section is less than using Oh’s skinning
method. Therefore, the skinned surfaces (Figs. 5(d)] [7(e)} [B(e)]
and generated by the CGTS with two mid-sections can
not only remove the wiggles and creases, but also achieve high
fairness. To show the quality of the skinned T-spline surfaces
in detail, the results generated by the CGTS skinning method
with two mid-sections are rendered with their own color scales,
shown in Fig. [T0}

As we can see from Table 2] the minimum and maximum
mean curvature values of the skinned T-spline surface are p-
resented. The ranges of the mean curvature values of the sur-
faces generated using Nasri’s skinning method are largest than
the others, meaning that wiggles appear on the skinned sur-
faces. And with Oh’s skinning method and CGTS with one
mid-section, the ranges of the mean curvature values are com-
parable. Significantly, the skinned surfaces generated by the
CGTS with two mid-sections possess the largest minimum cur-
vature value and the smallest maximum curvature value among
the skinned surfaces, showing that the surfaces are generated
with high quality. The largest minimum curvature value and s-
mallest maximum curvature value in Table[2lare shown in bold.

5.2. Solid skinning

In this section, we describe the use of the CGTS solid skin-
ning method to generate some trivariate T-spline solids (Moai,
Tooth and Duck, shown in Figs. [TT] [T2] and [T3] respectively).
Table [3] lists the statistics in the solid skinning. The average
scaled Jacobian value of the T-spline solid is defined as,

f f fg Jac(x,y, z)dxdydz

fffgdxdydz |

where Jac(x,y, z) is the scaled Jacobian value [36] at (x,y, z).
It should be noted that the weights employed in the opti-
mization to balance the energy functions are listed in Table [3]

avg_Jac = (21)

Moreover, for comparison, the minimum scaled Jacobian val-
ues, maximum scaled Jacobian values, and average scaled Ja-
cobian values in the skinned T-spline solid before and after the
optimization, are presented in Table 3] It can be seen that the
minimum Jacobian values and average scaled Jacobian values
in the skinned T-spline solids are improved after optimization.
Although the Jacobian values can not be guaranteed to be al-
1 positive in theory, the minimum Jacobian values in our im-
plementation are all positive. Therefore, the qualities of the
T-spline solids are improved after the optimization.

6. Conclusion

In this study, we have presented a CGTS surface skin-
ning method with high fairness to interpolate the given cross-
sections. The wiggles and creases appearing in the skinning
surfaces using Nasri’s and Oh’s skinning methods can be re-
moved. The introduced guiding curves in the developed method
provide a visually pleasing shape for the skinned surface. The
LSPIA method not only simplifies the iterative process in O-
h’s skinning method, but also ensures the fitting accuracy and
stability of iterations.

Furthermore, the CGTS skinning method is developed for the
field of solid modeling to generate a skinned T-spline solid that
interpolates the given cross-sectional T-spline surfaces. In order
to make sure that the trivariate T-spline solid can be simulated in
the framework of IGA, an optimization approach is employed
in the skinning, which improves the quality of the skinned T-
spline solid.
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Table 1. Statistical data of T-spline surface skinning.

Model Torus/S shape/Helicoid/Bonnet
#Given curves? 9/4/11/10
Method #Added curves®| #Guiding curves® #Data points? #Control points®
Nasri’s skinning method 8/3/10/9 - - 105/66/121/283
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CGTS with two mid-sections 16/6/20/18 10/10/15/20 10 x 20/10 x 20/15 x 20/20 x 40 | 177/108/216/624
2 Number of the given cross-sections.
b Number of the added intermediate cross-sections.
¢ Number of the guiding curves.
4 Number of the data points.
¢ Number of the the control points.
Table 2. Minimum and maximum mean curvature value of skinned surfaces.
Method . Torus . S shape i Helicoid . Bonnet
min_Cur.?| max_Cur.?| min_Cur. | max_Cur. | min_Cur. | max_Cur. | min_Cur. | max_Cur.
Nasri’s skinning method -2.0377 2.0526 -5.1588 6.7496 -11.2045 17.0009 -1.7564 3.9871
Oh’s skinning method -0.2920 0.7945 -1.1828 1.5509 -8.2984 17.2117 -0.1842 0.0634
CGTS with one mid-section 0.1880 0.5822 -2.5958 1.8404 -3.9537 5.1236 -0.2450 0.1248
CGTS with two mid-sections 0.2624 0.5694 -0.9970 1.2605 -3.3599 3.9016 -0.1379 0.0899

2 Minimum mean curvature value.
> Maximum mean curvature value.

(a) (b) (© (d

Fig. 11. CGTS solid skinning (Moai). (a) The given cross-sectional T-spline surfaces. (b) The skinned T-spline solid with the mesh generated
from the knots. (c) Transparent skinned solid with the given surfaces. (d) Cut-away view of the skinned solid.

(a) () (© (d)

Fig. 12. CGTS solid skinning (Tooth). (a) The given cross-sectional T-spline surfaces. (b) The skinned T-spline solid with the mesh generated
from the knots. (c) Transparent skinned solid with the given surfaces. (d) Cut-away view of the skinned solid.
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Fig. 13. CGTS solid skinning (Duck). (a) The given cross-sectional T-spline surfaces. (b) The skinned T-spline solid with the mesh generated
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(@

from the knots. (c) Transparent skinned solid with the given surfaces. (d) Cut-away view of the skinned solid.

Table 3. Statistical data of CGTS solid skinning.

: C P d e
Model #Given surfaces? | #Control points® 7] v be for?eltn Jac;. fier® | be f;?eaxJa:ﬁer be foizg Ja(;fter
S shape 7 6519 0.495 | 0.495 | -1.0000 | 0.6084 | 1.0000 | 1.0000 | 0.8958 | 0.9623
Moai 6 21345 0.495 | 0.495 | -0.3012 | 0.0115 | 1.0000 | 1.0000 | 0.9604 | 0.9643
Tooth 6 10542 0.495 | 0.495 | -0.9280 | 0.0871 | 1.0000 | 1.0000 | 0.9583 | 0.9631
Duck 6 9960 0.495 | 0.495 | -1.0000 | 0.0094 | 1.0000 | 1.0000 | 0.8835 | 0.9071

2 Number of the given surfaces.

b Number of the control points.

¢ Minimum scaled Jacobian value.
4 Maximum scaled Jacobian value.
¢ Averaged scaled Jacobian value.

f Before the optimization.

€ After the optimization.
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